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Intro. to Lie Algebras Definition of a Lie Algebra

Cross-Product Lie Algebra
General and Special Linear Lie Algebra

Lie Algebras

Definition
Let g be a vector space over a field [F, with an operation
g X g — g, denoted (x,y) — [x,y] and called the Lie bracket; g is
called a Lie algebra over [ if the following axioms are satisfied:
(L1) [ox + By, z] = alx, z] + Bly, 2],
(L2) [x,ay + Bz] = alx, y] + Blx, 2],
(L3) [x,x] =0 for all x in g = [x,y] = —[y, x],
(L4) [x, [y, x|l + ly: [z, x]] + [z, [x, y]] = 0, where
a,BeF, x,y,z €g.
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Intro. to Lie Algebras

Cross-Product Lie Algebra

Let g = R3, and {i, j, k} are the usual unit vectors along the
coordinate axes. We know {/, j, k} for a basis of g, then we define
the bracket structure to be

il =k [kl =i, [k =—

A pictorial representation would be:

/'\

ke
Let's check the Jacobi identity to see if this is a Lie algebra.
(i, [ AT+ U [k )+ T BT = 1771+ D]+ [k —K] = 0



Intro. to Lie Algebras

General and Special Linear Lie Algebra |

Example

Consider all n x n matrices. Then if we define [A,B]: gxg—g¢
where [A, B] = AB — BA is the commutator bracket, then this is a
Lie algebra, denoted gl,,.

Example

Consider all n x n matrices whose trace is zero. Then this is also a
Lie subalgebra of gl,, denoted sl,,.
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Intro. to Lie Algebras Definition of a L
Cross-Product L
General and Special Linear Lie Algebra

General and Special Linear Lie Algebra Il

Consider the matrices

(90

These matrices form a basis for slo with Lie bracket structure
defined to be

[h,e] = 2e, [h, f] = =2f, [e, f] = h.

This will be the driving example of this talk.
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Representation Theory of sl Basic Definitions
Representation of sly

Representation Theory

Definition
A vector space V is called an g-module if there is a mapping

g x V — V, denoted by (x, v) — x - v, which satisfies the
following relationships:

(M1) (ax + By) - v =alx-v)+B(y - v),
(M2) x-(av+ pw) =a(x-v)=B(x-w),

(M3) [x,y] - v=x-(y-v)—y-(x-v), where x,y €g, v,w € V,
and o, 8 € F.
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Representation Theory of sl Basic Definitions
Representation of sl

Representation of sl

Let V be a finite dimensional irreducible slo-module. V
decomposes into a direct sum of eigenspaces for h:

V:@VA, where Vi, ={v e V| h-v=Av}.
XS
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Representation Theory of sl Basic Definitions
Representation of sl

Vector Representation |

Again, recall the basis for sl;. The g-module is C and the action is
(left) matrix multiplication.

wufe= (1= 0= )

The “highest weight vector” is , with weight 1. We wish to

0
consider the “action” of f on the vector.

(o)) =) (9=
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Representation Theory of sl Basic Definitions
Representation of sl

Vector Representation Il

So, if vy = (é) and v_1 = (?) we have the following picture

X Vi f > V_1 f > X
V\_/ V\_/
e e
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Representation Theory of sl Basic Definitions
Representation of sl

Action of e, f, and h

h h h h

Y, C) c C O

Vi - Vo - >V o po— V.,
T T e
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Tensor Product
Definition of UEA
Universal Enveloping Algebra Example of UEA

Quantum Groups

Tensor Product

Definition

Let V and W be vector spaces of a field IF. We construct the free
vectors space S = F(V x W). Now we construct a subspace of S,
call it R, generated by the following relations:

R {(avl + Bz, w) = [a(vi, w) + B(vz, W),
(v,awy + Bwy) — [a(v, wy) + B(v, wa)],

where vi,vo € V; wi,wp € W; «,3 € F. Then the S/R is the
tensor product, namely (V, W)+ R=V @ W.
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Universal Enveloping Algebra Exampl /
Quantum Groups

Definition of UEA

We can think of the UEA as an associative algebra with the Lie
algebra structure defined on it.

linear

itg — Wg), i(lx,y]) = i(x)i(y) — i(y)i(x), for all x, y € g.
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Tensor Product

Definition of UEA
Universal Enveloping Algebra Example of UEA

Quantum Groups

Using the UEA |

Example

Let V be a highest weight ${(sl2)-module with highest weight
vector v; with weight /. Consider V' ® V. An obvious and natural
basis would be

vi®Qvi, vi®v_i, Voi1®vi, V_o1Q®V_g.

We define an action on a tensor (extended linearly) to be as
follows:
x-(a®@b)=(x-a)@b+a® (x-b).

Then we wish to consider f acting on the highest weight, v; ® v;.
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Tensor Product
Definition of UEA

Universal Enveloping Algebra Example of UEA
Quantum Groups

Using the UEA II

X Vi f > V_1 f > X
N~ ‘\_/
e e
vi ® vp
f

Y
Vo1 ®Vvor+ve1 ®vog
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Tensor Product

Definition of UEA
Universal Enveloping Algebra Example of UEA

Quantum Groups

Quantum Groups

What is a Quantum Group?

We like to think of the Quantum Group as a “deformation” of
$(g). So, quantum groups are not groups, they are a
non-commutative, associative algebra over the field F(q).
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Motivating Example
Crystal Graphs
Crystal Basis Theory

Why Develop Crystal Basis Theory? |

Remember this picture? He isn't in Ug(sl).
V1 Qvi

f

Vo1 ®vp _1,_ vi ®Vv_q

f

Y
Vo1 ®Vvep+vo1 ®veg
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Motivating Example
Crystal Graphs
Crystal Basis Theory

Why Develop Crystal Basis Theory? Il

Example (Cont.)

So, the actual basis for this tensor product in Llg(sl>) is

%1 ® Vi,
V(2)=qve1®@v + qvi @ vy,
Vo1 ®vog,

V(0) = {v_l ®vi—qvi @ v_q.

If g =1, we have the the elements in 4l(sl). But, it'd be nice if
q =0, right?

Ethan A. Smith MAA-SE Conference



Motivating Example
Crystal Graphs
Crystal Basis Theory

Crystal Graphs

Let V = ilg(sl3)-module, then we wish to construct the crystal
graph of V® V.

vi® vy Vo & vy V3 ® vy
Vi
%) Vi ® v V2 & v2 vz @ v
V3 Vi ® v Vo @ vz V3 ® v
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Motivating Example
Crystal Graphs
Crystal Basis Theory

Crystal Graphs

Let V = ily(sl3)-module, then we wish to construct the crystal
graph of V® V.

Vi ® vy Vo @ vy vz ® vy
Vi
l 1 1 1
2
V2 Vi ® vo V2 @ vo V3 @ v
l 2 2 2
V3 Vi ® v3 1 V2 @ v3 vz & v3
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Motivating Example
Crystal Graphs
Crystal Basis Theory
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Motivating Example
Crystal Graphs
Crystal Basis Theory
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Motivating Example

Crystal Graphs

Crystal Basis Theory

Questions, Comments, Contact Me

Ethan A. Smith

@ E-Mail: smithea3@appstate.edu

@ Website: http://smithea.weebly.com
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